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1 Introduction

This talk is about modeling the response of a subject
given multiple doses of a drug over time. The model is
fairly general in that it allows for an infusion to start and
stop repeatedly and for a bolus injection at any time.
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Compartmental Models

The model formulation assumes a compartmental
model, so section 2 is an introduction to compartmental
models. The emphasis of this methodology is simplicity
for the researcher. The researcher specifies the
compartments and the allowable transfers between
them. The computer derives the response function and
other quantities needed to fit the model to data.
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Model Formulation

The model formulation is given in section 3. The
concepts are simple. At each change in the dosing
regimen, there is a new system of differential equations.
The initial conditions for the new system are the ending
conditions of the preceding regimen plus any bolus
injection.

Back 4



Solving Equations

The method for solving the defining equations is given
in section 4. The form of the solution is not symbolic as
might be produced by Mathematica, etc., nor is it a
table of numbers as produced by strictly numerical
methods.
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Partial Derivations

Application of the Gauss-Newton method requires
calculating derivatives of the response functions with
respect to all of the the parameters in the model. A
discussion of the derivatives with respect to the first
order rate constants is given in section 5.
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Analysis of a Genuine Dataset

Section 6 is an analysis of a genuine dataset. Several
earlier points are explicitly illustrated.
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2 The Compartmental Model

This section provides a brief introduction to
compartmental models. Amoung the terms introduced
are kinetics, infusion, infusion rates, bolus injections,
kinetic diagrams, and differential equations.
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A Compartmental System

Figure 1: A fish tank separated into three compartments
by permeable membranes.

Back 9



A Compartmental Model

The tank in Figure 1 is filled with a medium, and a
substance is placed in the medium. This system, along
with rules on the movement of the substance, is an
idealized representation of a compartmental model. The
interest is in the movement of the substance from
compartment to compartment.
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A more complicated system

The fish tank model is a vast
oversimplification of the system at
the right. Amazingly, compartmental
models often provide a good
representation of the movement of a
drug through the body.

The figure was drawn by daughter
Diane in about the eighth grade.
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Kinetics

Kinetics is a science that deals with the effects of forces
upon the motions of material bodies or with changes in
physical or chemical systems. Kinetics provide the rules
for the movement of the substance from compartment
to compartment. Here it is assumed that the movement
is characterized by differential equations.
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First Order Kinetics

Let x(t) be the amount of a substance in a
compartment at time t and ẋ(t) is its the derivative of
x(t) with respect to t, then a situation where

ẋ(t) = −θx(t)

is first order kinetics. The parameter θ is rate constant.
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Zero Order Kinetics

A situation where
ẋ(t) = α

is zero order kinetics. The parameter α is an infusion
rate. Imagine slowly pouring a substance into a
compartment of the fish tank at a constant rate.
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The Kinetic Diagram

The first step of the modeling process is to create the
kinetic diagram as follows:

1. Determine what components of the system are to
be represented by a compartment.

2. Determine the inputs to the system and the
associated rate constants. Inputs may be zero
order or bolus injections.

3. Determine the possible transfers between
compartments and the rate constant associated
with each transfer. Transfers between
compartments are first order.
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A Simple Model

Plasma Other
α

θ3

θ1

θ2

Figure 2: A model with both zero and first order kinetics

My convention is that an arrow originating from a
compartment is a first order transfer, and other arrows
represent zero order inputs.
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Implied Differential Equations

The differential equations implied by the diagram of
Figure 2 are[

ẋ1(t)
ẋ2(t)

]
=

[
α
0

]
+

[
−θ1 − θ3 θ2

θ1 −θ2

] [
x1(t)
x2(t)

]
(1)
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Objectives

Things that might be learned, depending on the
situation, are

• the uptake rate and steady state level of a heavy
metal in animal tissue;

• the average time a drug stays at its site of action;

• the relative bioavailability of two drugs;

• the relationship between drug concentration in a
compartment and symptom relief.

Here only parameter estimation and prediction are
considered.
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3 The Model Formulation

A subject is being observed over a period of time, and
at certain points in time, one of three events may occur:

1. There is a bolus injection of a drug into a location
in the body.

2. An infusion of a drug into a location in the body
starts.

3. An infusion of a drug into a location in the body
stops.

The locations mentioned above must be represented by
compartments in the model.
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The Model Formulation for a
Specific Phase

The intervals between events are called phases. The
differential equation defining the responses during the
pth phase is

ẋp(t− τp) = ap +Axp(t− τp) (2)

where τp represents the starting time of the pth phase;
ap is a vector of infusion parameters, and A is the
system matrix. Note that A is assumed intrinsic to the
subject and is the same during each phase.
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The Infusion Vector

For ease of display, assume there are three
compartments in the model. In my software
implementation, the infusion vector is of the form

ap =

10
0

αp (3)

The position of the 1 determines the destination
compartment of the infusion, and αp is a parameter
representing the rate of infusion.
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The Initial Conditions

The differential equations (3) must be solved subject to
initial conditions. For phase one the initial condition is
of the form

x1(τ1) =

10
0

 δ1. (4)

The position of the 1 determines the receiving
compartment of the bolus dose, and δ1 is a parameter
representing the quantity of the dose. For subsequent
phases

xp(τp) = xp−1(τp) +

10
0

 δp. (5)
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4 Solving Differential Equations

This section gives a representation for solutions of linear
systems of differential equations. In its present state,
the software cannot process system matrices having
complex eigenvalues, but this ability is forthcoming.

Most of the concepts are conveyed within the real
eigenvalue context. The majority of compartmental
models in practice have only real eigenvalues.
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Important Cases

There are some important cases that have real
eigenvalues. In compartmental systems, compartments
connected in a chain-like manner are called a catenary
system. A system where there is a central compartment
with which all other compartments interact is called a
mammillary system. These systems are illustrated in
Figure 3 and Figure 4. Godfrey [1] shows that both
catenary and mammillary systems have only real
eigenvalues.
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A Catenary Arrangement
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Figure 3: A Catenary Arrangement of Compartments
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A Mammillary Arrangement
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Figure 4: A Mammillary Arrangement of Compartments
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The Main Result

Let A be an n× n matrix with real eigenvalues
λ1, · · · , λn. The system of differential equations

ẋ(t) = Ax(t)

with a fixed value of x(0) has a solution of the form

x(t) = B e(t). (6)

B in Equation (6) is a matrix of constants. e(t) is a
vector with ith element tki exp(λit) where ki is the
number of λj, j = 1, · · · , i− 1 that are equal to λi.
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Construction of Terms

The description of the process of constructing B is
rather tedious and is not discussed here. A B matrix for
an actual study is shown later.

Construction of e(t) is simple. With eigenvalues 0, -2,
-3, -2, -3 the result is

e(t) =


1

exp(−2t)
exp(−3t)
t exp(−2t)
t exp(−3t)

 (7)
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Complex Eigenvalues

When the system matrix has some complex eigenvalues,
the result is similar to Equation (6). The definition of
e(t) has to be extended to include sine and cosine terms,
and the computation is more complicated.
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5 Derivations

This section gives expressions for differential equations,
that when solved, are the derivatives of the response
functions with respect to a rate constant. However
some mathematical prerequisites need to be presented
before doing that.
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Matrix Derivative

Given a matrix A(θ), its derivative with respect to an
element of θ is a matrix of element by element
derivatives. For

A(θ) =

[
−θ1 − θ3 θ2

θ1 −θ2

]
its derivative with respect to θ1 is

d

dθ1
A(θ) =

[
−1 0
1 0

]
(8)

Back 31



Derivative of a Product

Let A(θ) and B(θ) be matrices of any dimensions such
that their product is defined. Then

d

dθ1
(A(θ)B(θ)) = A(θ)

(
d

dθ1
B(θ)

)
+

(
d

dθ1
A(θ)

)
B(θ) (9)
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The Matrix Exponential

Let A be any fixed square matrix and t a scalar
independent variable. The matrix exponential function is

exp(A t) = I +A t+
1

2
A2t2 +

1

6
A3t3 + · · · .

The derivative of exp(A t) with respect to t is A exp(A t).
Thus the solution of ẋ(t) = Ax(t) is

x(t) = exp(A t)x(0) (10)
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An Alternate Expression of the
Model Equation

The model equations for the pth phase (Equation (2))
can be re-expressed as[

0
ẋp(t− τp)

]
=

[
0 0
ap A

] [
1

xp(t− τp)

]
This representation allows explicit representation of the
response functions in terms of the matrix exponential.
It also allows use of matrix differential formulas for
finding derivatives with respect to the parameters.
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A Presentation Exclusion

For the presentation to follow, I will not consider bolus
injections. A new bolus injection just adds a new
process to the existing process, and is not
mathematically interesting.
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The Response Functions

Let

Ap =

[
0 0
ap A

]
and

Xp(t− τp) =

[
1

xp(t− τp)

]
The responses for phases one through three are

X1(t− τ1) = exp(A1 (t− τ1))c

X2(t− τ2) = exp(A2 (t− τ2))X1(τ2 − τ1)

X3(t− τ3) = exp(A3 (t− τ3))X2(τ3 − τ2) (11)

The vector c is numeric.
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The Derivative

The derivative of Equation (11) is

d

dθ1
X3(t− τ3) = exp(A3 (t− τ3))

(
d

dθ1
X2(τ3 − τ2)

)
+(

d

dθ1
exp(A3 (t− τ3))

)
X2(τ3 − τ2) (12)
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The First Phase

Consider the first phase and drop the phase subscript.
The differential equations are

ẋ(t− τ) = a+Ax(t− τ)

Take the derivative of both sides

d

dθ1
ẋ(t− τ) =

(
d

dθ1
A

)
x(t− τ) +A

(
d

dθ1
x(t− τ)

)
Changing the order of differentiation and letting
u(t− τ) = d

dθ1
x(t− τ) we have

u̇(t− τ) = D1 x(t− τ) +Au(t− τ)

An example of D1 is given by Equation (8).
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Putting Parts Together

Putting parts together gives[
ẋ(t− τ)
u̇(t− τ)

]
=

[
a
0

]
+

[
A 0
D1 A

] [
x(t− τ)
u(t− τ)

]
Comments

• The first (block) row needs to be solved only once.

• The second row needs to be solved once for each
element of θ after inserting the corresponding
derivative matrix.

• Eigenvalues need be found only for A. They repeat
for the second diagonal block.
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6 Acetaminophen in a Lactating Goat
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The study

Wilson, et al. [2] conducted a study to examine the
relationship of milk and plasma levels of a drug. A
solution of acetaminophen was infused into a lactating
goat through an EJV catheter using an IVAC 630 pump.
Infusion started at time t = 0 and ended at t = 63.3
minutes. Levels of concentration in plasma and milk
were measured periodically. The three compartment
system shown in Figure 5 is considered appropriate for
modeling this biological system.
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The Compartmental Diagram

Plasma Milk Extra

θ1

θ2

θ3

θ4
θ5

α

Figure 5: The Compartmental Diagram. The infusion
input parameter, α is set to zero at t = 63.3 min.
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The Observation Periods

Time, t is measured from zero at the time infusion
starts. Infusion stops at t = 63.3, but observations
continue through 300 minutes. Both Plasma and Milk
are sampled but not at exactly the same times.
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The System Matrix

The system matrix is

A(θ) =

 −(θ5 + θ1) θ2 0
θ1 −(θ2 + θ3) θ4
0 θ3 −θ4

 .
This matrix applies through both phases. As an
exercise, relate this matrix to the compartmental
diagram in Figure 5.
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The Infusion Input Vectors

The infusion input vectors are

a1 =

10
0

α
and

a2 =

00
0

 .

Back 45



The Data

Plasma Milk
Time Concentration Time Concentration
(min) (ug/ml) (min) (ug/ml)
10.47 13.08 10.00 0.29
20.00 18.62 20.00 3.36
30.00 22.05 30.00 4.01
40.00 24.79 40.00 7.74
50.00 25.71 50.00 10.40
61.00 28.11 60.00 12.86
70.17 17.94 70.52 12.41
80.00 9.89 80.33 17.86
90.80 6.20 91.13 16.22

100.22 4.04 100.75 11.39
109.73 3.58 110.33 14.60
119.88 2.27 120.47 13.09
149.92 0.69 150.33 7.31
180.00 0.36 180.60 4.89
210.63 0.23 211.07 2.47
240.00 0.14 240.38 2.32

280.33 1.99
300.42 0.67
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Response Functions for Phase One

e(t) exp(λ0t) exp(λ1t) exp(λ2t) exp(λ3t)
λi 0 -0.0607583 -0.0120616 -0.000300156

Plasma 36.0308 -25.358 -4.04456 -6.62826
Milk 108.671 7.98563 -38.2759 -78.3809

Extra 863.936 -1.06238 27.5091 -890.383

Figure 6: Responses for phase one.
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Response Functions for Phase Two

e(t) exp(λ0t) exp(λ1t) exp(λ2t) exp(λ3t)
λi 0 -0.0607583 -0.0120616 -0.000300156

Plasma 0 24.8162 2.15966 0.124747
Milk 0 -7.81502 20.438 1.47517

Extra 0 1.03968 -14.6889 16.7575

Figure 7: Responses for phase two. t is time minus 63.3.
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Graph of Results
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